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Abstract 

All contemporary phenomenological models of elastic hadronic scattering have been 
based on the assumption of validity of optical theorem that was overtaken from optics. 
It has been stated that it may be proven in particle physics. However, it will be shown 
that its derivation in the framework of unitary S matrix theory (which is supposed 
to be the most general approach in this case) has been based on several requirements 
that do not correspond to the actual collision characteristics of two particles. It will be 
shown that especially in the case of short-ranged interaction (for which the theorem is 
used most frequently) it cannot be applied to. The analysis of corresponding collision 
experiments is to be done under new basic physical assumptions. The actual progress 
in the description of hadronic collision processes may exist only if the distribution 
of different initial states will be specihed on the basis of impact parameter values of 
colliding particles and the dependence of collision probability on this parameter will be 
established, without limiting corresponding conclusions by the assumption of optical 
theorem validity from the very beginning. 

keywords: elastic scattering of hadrons, optical theorem, short-ranged strong interac¬ 
tion, Hilbert space, S matrix theory, unitarity, Schroedinger equation 

1 Introduction 

Practically all hitherto models of elastic hadronic scattering have been based on the 
assumption of optical theorem validity. According to this theorem the total cross section 
(Jtot at given collision energy ^/s is to be proportional to the imaginary part of elastic 
scattering amplitude Agi at zero scattering angle 9 (or at zero four-momentum transfer 
t = —4p^sin^|, p being three momentum of one colliding particle in center-of-mass 
system), i.e., 

(Ttot(-s) ocImAei(s,6'= 0). (1) 

The complex elastic scattering amplitude Aei(s, 6*) is obtained, e.g., with the help of 
Schroedinger equation (in non-relativistic case). Even the phenomenological interpre¬ 
tation of measured elastic differential cross section of two hadrons has been derived 
always on the basis of optical theorem validity; the standardly chosen parametrization 
of t-dependence (htted from measured data) has been based in principle on the assump¬ 
tion of maximum frequency lying at t = 0 (any other behavior having been practically 
excluded). 

The given theorem used now in particle physics was overtaken from optics where it 
developed from the formula for refraction index (dehned on the basis of wave theory 
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of light) which contained also the influence of extinction cross section (now denoted as 
total cross section); see the story described by Newton [1]. The formula ([^ has been 
formulated practically only on the basis of experimental refraction data without any 
deeper theoretical reasoning. 

The hrst appearance of optical theorem in (quantum) theoretical description of par¬ 
ticle scattering occurred probably in Feenberg’s Ph.D. thesis and in his paper [2] from 
1932. He tried to derive the relation ([^ on the basis of Schroedinger equation; however, 
his work remained without greater attention at that time. The optical theorem was also 
called Bohr-Peierls-Placzek relation in the past when it was applied to nuclear reactions 
without any proof in [3] (in 1939) and then widely used, see again P for historical 
context. 

Different attempts to prove the optical theorem theoretically in particle physics have 
been done mainly when the collisions of fundamental particles have started to be studied 
and the given theorem has been applied to also in the region of strong hadron interactions. 
Some of these attempts to prove it in particle physics have been interpreted as successful. 
However, we have demonstrated recently that fundamental discrepancy has been to exist 
especially if the given theorem has been applied to the elastic hadron collisions mu- 

Some arguments used to support its validity in strong interactions have been, how¬ 
ever, still repeated. In the following we shall attempt to provide more detailed and 
more systematical reasoning why this theorem can be hardly applied to in any (elastic) 
scattering of two hadrons. We shall start from the approach of its derivation based on 
unitary S matrix theory which is supposed to be the most general derivation of optical 
theorem and which is also the most widely used framework in which (elastic) scattering 
of hadrons is being described (some models being applied to experimental data). 

The given S matrix approach has been based on the assumptions concerning the 
basic structure of S operator acting in the Hilbert space in which the incoming and 
outgoing states cannot be correspondingly distinguished. We shall start, therefore, by 
discussing the necessary Hilbert space structure formed by Schroedinger equation solu¬ 
tions describing collision processes; see Sec.[^ The mentioned approaches trying to prove 
the validity of optical theorem in S matrix theory will be then analyzed in Sec. the 
main derivation approach will be reviewed and the assumptions being in contradiction 
to collision characteristics for strong interaction will be then specihed and commented 
in more details. The physical requirements concerning the Hilbert space in realistic case 
will be discussed in Sec. IH 

The contemporary models of elastic collisions of two charged hadrons have been influ¬ 
enced, however, not only by the discussed optical theorem but also by not respecting the 
difference between scattering mechanisms of Coulomb interaction (acting at distance) 
and short-ranged (practically contact) strong interaction, which will be mentioned in 
Sec. 1^ More detailed physical description of the collision process may be obtained, of 
course, only if the statistical distribution of impact parameter values of two colliding 
objects corresponding to experimental conditions is taken into account and the depen¬ 
dence of collision characteristics on this parameter is established. The basic aspects of 
corresponding probabilistic model proposed recently will be briefly described in Sec. 
The model shows, too, that the collision process may be interpreted on fully ontological 
basis. 
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2 Schroedinger equation and corresponding Hilbert 
space 

Time evolution of microscopic processes is being described with the help of the Schroe¬ 
dinger (linear differential) equation 

( 2 ) 

where Hamiltonian operator H is given by 

and V (x) is corresponding potential. Its basic solutions (represented by the product of 
space and time functions) may be expressed in the form 

(4) 

being standardly normed to one: / dx'ijj’^{x,T)ijjE{x,T) = f dx |A£;(x)|^ = 1 (at any 
time r). The function Xe{x) of all space coordinates {x) corresponds to the Hamiltonian 
eigenfunctions at energy E 

HXe{x) = EXe{x). (5) 

General solution of Schroedinger equation ([^ may be then written as a super¬ 

position of solutions corresponding to individual energy values 

= Y1 ^e'<Pe{x, t) ( 6 ) 

E 

where ce are corresponding coefficients in a linear combination of particular solutions 
V’£;(a;,r); fulhlling \ce\^ = 1. 

All possible functions '0(a;, r) of space coordinates at different r values form a com¬ 
plete Hilbert space. Schroedinger dehned then expected values Q{t) of physical quanti¬ 
ties 

Q{t) = j 'ip*{x,T)Q'ip{x,T)dx (7) 

corresponding to classical quantities. It was shown originally for inertial motion only; 
however, it holds practically generally. Only the set of Schroedinger solutions is smaller 
due to discrete quantum states in closed systems. It was shown by loannidou [B] and 
Hoyer [7] that the Schroedinger equation might be derived for statistical combination of 
Hamilton equation solutions (or be at least equivalent to these solutions) if their whole 
set was limited by a rather weak condition; see also mu- 

A r-dependent solution 'iPe{x,t) of Schroedinger equation (the set of vectors in the 
corresponding Hilbert space corresponding to different values of r) represents the evo¬ 
lution of motion as an open trajectory in the case of continuous energy spectrum or 
as a closed trajectory for discrete energy values. Each physical quantity Q{t) is then 
represented by associated operator Q acting in the given Hilbert space. 

Any vector 'iPe{x,t) represents instantaneous state belonging to two opposite mo¬ 
mentum directions. To distinguish these two different cases the total Hilbert space (in 
the case of elastic collisions) must consist of two mutually orthogonal subspaces each 
being spanned on the basis of Hamiltonian eigenfunctions Xe{x) as it has been shown 
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already many years ago by Lax and Phillips mm and independently derived also by 
Alda et al. [12] from the requirement of exponential (purely probabilistic) decay law of 
unstable particles. Only in such an extended Hilbert space the collision processes of 
two particles may be correspondingly described. The transition from one subspace to 
another may be then given by the evolution operator 

Uevir) = ( 8 ) 

the opposite evolution corresponding to negative values of r. It holds then 

'iPe{x,t) = Uev{r)'ilJE{x,0). (9) 

If 'ijjEix, 0) represents the state corresponding to the shortest distance between two collid¬ 
ing particles then the states for time r > 0 belong to the subspace of outgoing particles 
and for time r < 0 to that of incoming states. 

The given Hilbert structure has been, however, excluded by Bohr in 1927 [ 13 ] who 
asked for the Hilbert space of any physical system to be spanned always on one basis 
of Hamiltonian eigenvectors. It has caused that the earlier physical interpretation of 
Schroedinger equation solutions has been fundamentally deformed as any description of 
continuous time evolution has been practically excluded. Moreover, the given model has 
required the existence of immediate interaction between very distant particles, which was 
shown and criticized by Einstein in 1935 with the help of special coincidence Gedanken- 
experiment. The physical scientihc community preferred, however, Bohr’s approach (in 
the region of microscopic processes). 

Later both the alternatives were admitted and discussed. Bohr’s alternative was, 
however, supported again on the basis of the fact that Bell’s inequality (derived in 1964 
for the coincidence experiment more specihed than that of Einstein) was violated in the 
corresponding experiment including spin measurement and performed by Aspect et al. in 
1982 [T3|. It has been shown only recently that Bell’s inequality was based always on an 
assumption that did not hold in the given more specihed experiment (but only in that 
proposed originally by Einstein); see, e.g., [8]. Consequently, Einstein has been fully 
right in the given controversy with Bohr and the Hilbert space must always consist at 
least of two mutually orthogonal subspaces as explained in the preceding. All necessary 
details may be found in [E] US], HE] and HT]. 

3 S matrix theory and optical theorem 

In the region of strong interactions the decisive study of elastic processes has concerned 
two-proton collisions where the experimental data especially for small scattering angles 
have represented the combination of Coulomb and hadronic interactions. The ratio of 
these two interactions has always being determined on the basis of some theoretical pre¬ 
dictions. However, the contemporary approaches (in both the interaction kinds) have 
started often from some assumptions that have not corresponded to actual experimen¬ 
tal arrangement or to differences in divers interaction kinds as it will be shown in the 
following. 

As to the Coulomb interaction it has been assumed that the corresponding elastic 
differential cross section has risen to inhnity for very small scattering angles, which 
has followed from the fact that the zero scattering angle should be obtained at inhnite 
distance (i.e., at inhnite impact parameter). However, the measured region of scattering 
angles corresponds to impact parameter values of less than micrometers, which has not 
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been respected in the usual formula that has been used for interpretation of the Coulomb 
part of measured data. In addition to, a part of measurable elastic collisions may be 
caused by multiple Coulomb scattering according to experimental conditions (target 
density). 

Similar criticism concerns, of course, the assumed behavior of strong interactions in 
the same region. Here, the validity of optical theorem given by Eq. ([^ has been assumed 
practically in all theoretical as well as experimental studies which strongly influenced t- 
dependence of hadronic elastic differential cross section in neighborhood of t = 0. 

The optical theorem has been overtaken from optics without having been proved in 
the past. It will be shown that also all contemporary attempts to prove its validity in 
particle physics have been based on assumptions that are not surely valid in the case 
of strong interaction. As it has been already mentioned the main attempt to derive 
the optical theorem in particle physics was done in the framework of S matrix theory 
in which some important assumptions concerned the structure of corresponding Hilbert 
space as well as of S matrix itself. The collision process has been described with the 
help of S operator acting in Hilbert space spanned on all possible states and dehned 
in principle phenomenologically. The S matrix was introduced for the hrst time by 
Wheeler [TH] in 1937 who concluded that it should be unitary. Heisenberg mm 
invented the S matrix for description of scattering processes independently in 1943 as 
the communication between German and Western scientists was disrupted due to the 
second world war, see [1] for some more historical comments. He also stated that the 
S matrix should be unitary and, at the difference to Wheeler, also tried to derive the 
optical theorem in this theoretical framework. 

In the following we shall review some basic formulas which have been used in different 
attempts to prove optical theorem based on S matrix, using the conventions from m, 
for more details and comments see also, e.g., [22H26] or any other textbook covering S 
matrix and optical theorem. Problematic steps will be identihed and discussed in more 
detail in Sec. 13.21 

3.1 Main approach of deriving optical theorem 

The S operator has been proposed to transform an initial two-particle state |i) charac¬ 
terized by momentum (energy) of the colliding particles directly to a possible hnal state 

I/): 

\f)=S\t). (10) 

The matrix elements of this operator have been assumed to determine the probability of 
corresponding transitions (scattering) 

P,^f = \{f\S\z)\\ (11) 

The conservation of probabilities in the given approach has been written in the form 

= l (12) 

/ 

where it has been summed over all possible hnal states. The given S operator has been 
required to fulhll the condition of unitarity 

S+S = SS+=I. (13) 
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Practically in all approaches attempting to derive optical theorem the transition operator 
T has been dehned in the form 

S = I + iT (14) 

where the introduction of identity operator I has been based on the assumption that 
one can ’’separate” non-interacting part [S = I) from the case of an interaction. The 
matrix elements of S operator have been then given as 


S,f^{f\S\i) = {f\i)+i{f\T\i) . (15) 

Scattering amplitude A{i —)■ /) has been then dehned (using matrix elements of T) as 

T,f ^{f\T\t) = {27r)^S\pf - p,)A{t ^ /) (16) 

where S^{pf — Pi) has ensured four-momentum conservation. It has also meant that 

TJi = {/I T+ |i) = - Pf)A-(f ^ *). (17) 

Partial cross sections (corresponding to different collision channels) in this S matrix 
approach have been dehned using the scattering amplitude (T matrix elements) as 


da = \ \A{i -1 /n)|^dn.; 


(18) 


Incident hux 0 in Eq. (18) has been dehned as 

0 = 2Ei 2E2 \vi — V2\ 


(19) 


where Vi and V 2 has been the three-dimensional velocities of the colliding particles 1 
and 2, respectively, i.e., vi = ^ and V 2 = Ei and E 2 being energies of the incoming 
particles with masses mi and m 2 . The incident hux has been then simplihed to the form 

0 = 2^A(s,m?,m^) (20) 

where the A function has been dehned as 


A(a;, I/, z) = — 2xy — 2yz — 2xz, X{x, y, y) = x‘^ — Axy. (21) 

The factor dfl^ stands for the Lorentz-invariant phase space 


" d^r»' 

dn„ = n 


yt (2a)nE 


7(2ir)'‘d‘‘(pi +P2 - 


( 22 ) 


i=i 


for n particles in the hnal state (corresponding values denoted by prime). 

In the case of elastic diherential cross section as a function of energy i/s and four- 
momentum transfer t Eq. (18) has been simplihed to 

do-el 


dt 


-(s,t) = 


167rA(s, ml, ml) 


|Ai(s,t)|' 


(23) 


Integrating Eq. ( [l^ over all (n-particle) hnal states and summing over n (i.e., integrating 
over all possible hnal states) it has been obtained for total cross section 


1 

O^tot — T 


j dn„ \A{i ^ u 


(24) 
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It has then followed from the unitarity of S operator given by Eq. (13) for the T 
operator dehned by Eq. (14) 


(J-iT+)(/ + iT) = I , 

i(r+ - T) = T+T . 


Eq. (26) has been then rewritten in matrix form as 

i{/|r+-r|!) = ^{/|r+ |n) {n|rB 

{n} 


(25) 

(26) 


(27) 


where ’’intermediate” states \n) have represented the complete set of hnal states and the 
l.h.s. has been simplihed to 


i(Th - Tif) = i((ReT/i - ilmT/j) - (ReTj/ + ilmTj/)) = 2ImT, 


if- 


(28) 


and (28) have implied then 


Last equality in Eq. (28) holds if and only if T is symmetric, i.e., if Tij = Tji. Eqs. (27) 

2ImT,; = 5^T;„T,„. (29) 

{n} 


It has been then deduced on the basis of Eqs. (16) and (29) that in the case of initial 
and hnal states being identical (i.e., if / = i which in 2 —)■ 2 particle collision has been 
identihed with the case of elastic collisions corresponding to zero scattering angle, t = 0) 
one may obtain 

(30) 


2ImAei(s,t = 0) = ^ j dn„ |A(f 


—>■ n) 


Finally, it has been concluded (comparing Eqs. (24) and (30)) that it should hold 


o-tot = -ImAei(s,t = 0), 


(31) 


i.e., imaginary part of elastic scattering amplitude at zero scattering angle (t = 0) should 
be proportional to total cross section - the relation commonly known as optical theorem, 
see also Eq. ([^. 


3.2 Basic assumptions and physical reality 

In the preceding subsection we have reviewed the main approach of deriving optical 
theorem in particle physics with the help of (relativistic) S matrix theory. This subsection 
is devoted to discussion of various assumptions which were used in the corresponding 
approach. 


1. The initial two-particle state |z) has been characterized by the momenta and energy 
of colliding particles but not by their impact parameter. Only one ’’average” two- 
particle initial state has been taken into account in the given S matrix approach 
(some related discussion may be found in Chap. 8 of [22]; in other textbooks 
this aspect has not been usually mentioned at all). The orientation of angular 
momentum vectors has not been distinguished in the given Hilbert space, either. 
The probability ( [TT| and cross section (18) of a given transition i —)■ / from one 
initial to a hnal state correspond, therefore, only to some average values. 
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2. In all attempts the approach to derive the optical theorem in S matrix theory has 
been based on Eq. (29) for special case |/) = |i) denoted as ’’non-interacting” case. 
It has been admitted that the average initial state |i) may represent a hnal state, 
too. The non-interacting case |/) = |z) has been then artihcially identihed with 
the (unmeasurable) limit value of elastic scattering at t = 0 in Eq. (30). 


However, in the case of short-ranged strong interaction very many events at higher 
impact parameter values may exist when the incoming particles do not interact at 
all. These non-interacting events correspond to zero ’’scattering” angle {t = 0) but 
their frequency may be very much higher than in the case corresponding to elastic 
scattering in unmeasurable limit point t —?• 0. One should expect completely differ¬ 
ent transition probabilities for these two cases. Moreover, the measured frequency 
of non-interacting events may depend on experiment arrangement (target density). 
This non-interacting transition in the case of very short-ranged hadronic interac¬ 
tion may have probability close to 1 and the elastic scattering in limit point f —)■ 0 
(and in all interacting events) should have very small probability (close to zero) as 
the majority of colliding particles (at higher impact parameters) may simply pass 
without any interaction. The optical theorem has been obtained by identifying 
(interchanging) quite arbitrarily these two cases (limit value of elastic scattering 
and all non-interacting events). 


Two different cases should be carefully distinguished: |/) = |z) and |/) 7 ^ |i), i.e., 
non-interacting and interacting. In the interacting case |/) 7 ^ |z) the corresponding 
transition (scattering) probability given by Eq. (11) is 


^ K/l ^ 1^)1^ = K/l S-I\t)f = K/l T |^)|^ . (32) 


The probability (cross sections) in this case may be calculated using either S or 
T matrix elements. However, in the non-interacting case |/) = |i) the scattering 
operator has been taken as identity operator (compare with Eq. (10)) which implies 




N)lV 


s-I\^)f = 


(33) 


The diagonal matrix element Tu does not, therefore, represent the corresponding 
probability; Sa has to be used instead of Tjj, which has not been taken into account 
in the attempts to derive optical theorem. The differential cross section has always 


been calculated on the basis of the T matrix {S — I matrix), see Eq. (18). 


3. Eq. (|18|) contains also the factor dn„ given by Eq. (|22|) which has been introduced 
(see, 


e.g., [22]) without sufficient reasoning. The factor does not distinguish be¬ 
tween the interacting and the non-interacting case in the processes 2 —)■ 2 (n = 2), 
even though these two cases are completely different as it has been discussed. The 
introduction of this additional factor for each n-particle final state |/„) has changed 
the original probabilistic interpretation of T matrix elements, too. 


4. The optical theorem given by Eq. (31) has been obtained comparing Eqs. (24) 


and (30). The integration in Eq. (30) has been done over the complete set of all 


considered states (all considered transitions); therefore no state has been excluded. 


The integration in Eq. (24) has been taken also over all final states (again all 


transitions); however, the non-interacting events i —?• i mentioned above should 
be excluded here if the l.h.s. is to correspond to total cross section of two-particle 
collisions. 



















If one excludes the non-interacting case in the integration in Eq. (24) then it may 
be possible to obtain the following relation 


a tot = -Im A. 


el 


At=0)-i/ 




(34) 


instead of the optical theorem given by Eq. (31). It means that the second term 


on r.h.s. of Eq. (34) has been wrongly put to zero (neglected) to obtain the optical 
theorem. The absolute value of the second term might be much bigger than the 
hrst one as in the case of short-ranged hadronic interaction high fraction of colliding 
particles cannot interact at higher impact parameters at all. The total cross section 


given by Eq. (34) might be even negative which indicates the fact that the whole 


derivation of optical theorem has been based on some unphysical assumptions. 

5. The S matrix has been assumed to be unitary (also inverse matrix exists) or even 
symmetric due to Eq. (29) which means in both the cases that each initial state 
should represent also a hnal state and vice versa; being the consequence of the 
Hilbert space formed only by single Hilbert subspace. Galindo and Pascual [22] 
(page 17) have pointed out that ’’S' is unitary if and only if = i7out”, be., if 
and only if the Hilbert space formed by initial states is the same as that of hnal 
(outgoing) ones. They have also pointed out (in agreement with [27]) that ’’the 
unitarity of S is not simply a consequence of probability conservation” (contrary to 
the widely used statements). Already the assumption of S matrix being unitary has 
more consequences than it has been generally assumed. E.g., the optical theorem 
has excluded the possibility of hadronic elastic differential cross section being equal 
to zero at t = 0, even if such possibility may be physical and should be admitted 
in further analysis of elastic processes. It has not been explained in derivation of 
optical theorem, either, why on one hand all (n-particle) hnal states may represent 
also initial ones (requirement of one Hilbert subspace) but on the other hand all 
cross sections (transitions) are calculated only from one average two-particle initial 
state. The initial states in collision experiments (with colliding beams or hxed 
target) correspond always to two-particle states typically at one quite well dehned 
value of collision energy. Therefore, admitting n-particle initial states {n > 2) in 
description of experimental data to derive some properties of colliding particles is 
unphysical. This represents another inconsistency in the usual derivation of optical 
theorem in particle physics. 


The optical theorem has been introduced on the basis of the S matrix theory in 
a quite abstract manner without explicit form of the S operator. The S matrix ele¬ 
ments, or rather the scattering amplitudes A{i —)■ /), have been determined either from 
some theoretical calculations (e.g., introducing the Hamiltonian of a given system and 
using Schroedinger equation, or similarly in relativity) or experimentally (phenomeno¬ 
logically). In the former case no reliable theory of elastic hadron collisions is available 
(some perturbation approaches, used more frequently for inelastic channels, are inappli¬ 
cable in this case). The elastic scattering amplitude determined from experimental data 
(also needed for optical theorem derivation) has been quite arbitrarily parameterized on 
the basis of optical theorem validity and then htted to measured elastic differential cross 

^The requirement of S being symmetric implies Pi^f = Pf^i and is related to often assumed ’’time- 
reversal invariance” of corresponding interactions (transitions i f). 
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section of two hadrons. Contemporary models of elastic hadronic scattering may be, 
however, hardly very helpful (see, e.g., [28]). 

The assumptions under which the optical theorem has been derived have not been 
practically tested experimentally. All experimental ’’tests” of optical theorem have corre¬ 
sponded basically only to comparison of values of total hadronic cross sections determined 
with and without using optical theorem, see, e.g., [29l|30] (vrp scattering) or [3ll|32] (pp 
scattering). However, even if both the values may be found to be similar one cannot 
conclude that the optical theorem is valid (contrary to statements in [221 EO])- The 
experimental testing is more delicate as the optical theorem is always accompanied also 
by some other strong assumptions. 

The value of total hadronic cross section determined on the basis of optical theorem 
has been, e.g., strongly influenced by the choice of elastic hadronic scattering amplitude 
in the close neighborhood of t = 0, i.e., in the region which has not been experimentally 
reachable (especially, in the presence of Coulomb interaction that is much stronger and 
dominant here). It has always been assumed from the very beginning that the modulus 
of the elastic hadronic scattering amplitude has been (quasi-)exponential in this region, 
decreasing with rising scattering angle. The corresponding parametrization has been 
influenced decisively by assumed validity of optical theorem. 

As it has been mentioned in the introduction to Sec. it has been also the singu¬ 
larity of standardly used Coulomb amplitude at zero scattering angle corresponding to 
infinite impact parameter which has not corresponded to the experimental conditions 
since the values of impact parameter (in any elastic experiment) are always much lower. 
It is rather the effect of a greater number of Coulomb interactions (with different more 
distant targets) in individual events, which should correspond to measured scattering 
angles around zero. The Coulomb interaction contributes consequently much more to 
greater scattering angles than it has been assumed usually in hadronic collisions. The 
contemporary analysis of collision processes is also probably strongly influenced by not 
distinguishing the effect of long-ranged Coulomb and of short-ranged strong interactions 
even though they are very different as it will be discussed in Sec. 

The attempt to derive the optical theorem from non-relativistic Schroedinger equa¬ 
tion may be found, e.g., in [33] (1965), where also explicit S operator has been shown. 
Therefore, it might be possible to identify all the included problems mentioned above 
also in this case. Some other approaches trying to prove optical theorem have been 
summarized in [21]. All contemporary relativistic as well as non-relativistic attempts to 
prove optical theorem in particle physics are, however, quite similar and contain all main 
problems discussed above, even though they are not (explicitly) formulated on the basis 
of the unitary S matrix. 

In any case one can conclude from the preceding that the derivation of optical 
theorem is unacceptable especially for short-ranged strong interactions for the reasons 
introduced above. The whole description of the physical process may be strongly 
deformed if the optical theorem validity has been applied to as a basic assumption. 
Consequently, some new descriptions of collision processes without optical theorem 
constraint be looked for. 


10 


4 Hilbert space structure and S operator corre¬ 
sponding to physical reality 

The basic problem in derivation of the optical theorem consists in phenomenological deh- 
nition of S matrix and corresponding Hilbert space where incoming and outgoing (initial 
and hnal) collision states belong to one Hilbert subspace (are spanned on one common 
set of basic orthogonal vectors) and may be represented as mutual superpositions. It 
may be seen from Sec. that the given states represented by solutions of Schroedinger 
equation may be distinguished only if the S operator is defined as acting in Hilbert space 
consisting of two mutually orthogonal Hilbert subspaces, one containing different initial 
states and the other containing corresponding final ones 

H = Hi® Hf (35) 

where the incoming or outgoing states are represented always by different vectors; at least 
the direction of mutual evolution being always distinguished. The incoming two-particle 
states |i) are to be distinguished then not only by collision energy (momenta of colliding 
particles) but also at least by impact parameter values usually distributed statistically. 
The introduction of the impact parameter is also necessary for definition of angular 
momentum, the quantity being conserved (in addition to energy) during evolution of 
any physical system. 

Different kinds of outgoing (final) states need to be carefully distinguished, too. The 
subspace Hf is to be divided at least into three orthogonal subspaces 

Hf = . (36) 

The subspace represents subspace of elastic final states distinguished by scatter¬ 
ing angle or equivalently. Hadronic collisions at a given impact parameter value may 
lead to an interval of scattering angles (according to instantaneous space orientations 
of colliding protons that should be regarded as non-spherical). It is natural to assume 
in both the Coulomb and hadronic cases that the average scattering angle increases 
with decreasing impact parameter value. However, in short-ranged strong interaction 
only a very small part of events (corresponding to impact parameters less than several 
femtometers) will contribute to total hadronic cross section while a much greater part 
of events (corresponding to impact parameters of greater values) will pass without any 
strong interaction. 

-^/unsc corresponds then to the subspace of non-interacting events differing decisively 
from final elastic states (including the state corresponding to zero limit of scattering 
angle); they may be distinguished similarly as initial states (e.g., by corresponding impact 
parameter). If we start from the ontological interpretation of collision processes (see the 
end of Sec. it is necessary to expect that the Coulomb and strong interaction will 
behave very differently. The subspace is to be empty in the case of long-ranged 

Coulomb interaction and non-empty in the hadronic one. 

The inelastic processes are then represented by transitions to Hf.^^^. The hnal states 
may be represented by corresponding subspace where different numbers of particles may 
be produced by the decay of excited unstable objects having been created in the collision 
of incoming particles. The subspace may be regarded as the sum of other orthog¬ 
onal subspaces representing different inelastic processes, even if the initial (incoming) 
states corresponding to a greater number of hnal particles cannot be realized and do not 
exist. The actual structure of subspaces is, therefore, open for future theoretical 

analysis. 
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The S operator should then dehne the transition probabilities of an initial state to 
some state belonging to one of three divers hnal subspaces; no opposite transitions exist¬ 
ing. It means that S operator cannot be unitary, see also Sec. 3.2 If more different initial 


states than one (average) two-particle state are taken into account then the conservation 


of probability should be written as (generalization of Eq. (12)) 


if if 


(37) 


where Wi represents the weight of a given initial state (corresponding to, e.g., distribution 
of impact parameters - experimental conditions); holding Yli'^i = 1- It should also hold 


(i|S|/)p = o w,v/ 


(38) 


i.e., time irreversibility of the scattering process (in the framework of corresponding 
Hilbert space). 

As to the optical theorem applied to particle physics some problems have been pointed 
out already by Kupczynski at least since 1973; see, e.g., [3H - I37] and also recent paper [38] . 
In the last paper he has also considered existence of some mutually orthogonal Hilbert 
subspaces (see also [36] )• However, there is a difference between both the approaches. 
In our approach incoming and outgoing states belong to mutually orthogonal subspaces 
as it is required if incoming and outgoing particles are to be represented always by 
different vectors in corresponding Hilbert space (see Sec. while in the system assumed 
in [38] each subspace should be divided into two orthogonal subspaces, yet. According 
to Kupczynski one may have unitary S matrix without optical theorem while we have 
provided several arguments also against unitarity of the S matrix, see Sec. |3.2| In 


both the approaches (of Kupczynski and of ours) it has been, however, demonstrated 
that the optical theorem is to lead to great deviations from physical reality especially 
in the case of strong interaction. Further progress in hadron physics may be hardly 
reached with making use of optical theorem and ignoring its assumptions and far-reaching 
consequences. 


5 Difference of electromagnetic and strong interac¬ 
tion mechanisms 

The determination of elastic differential cross section of two charged hadrons from the 
measured data may be signihcantly influenced by one factor more. There is important 
difference in the mechanism of the Coulomb and strong interactions. While the Coulomb 
interaction acts at greater distances between colliding hadrons and may be described with 
the help of corresponding potential the strong interaction should be interpreted rather 
as contact one and the corresponding description of its effect should be looked for. 

Consequently, the probability of strong collision at actual (initial) impact parameter 
value may be influenced signihcantly by the continuous effect of the Coulomb interaction 
at greater distances before a proper (contact) collision may happen. The actual mini¬ 
mum mutual distance (in proper collision moment) of strongly colliding particles may 
be signihcantly inhuenced by distant Coulomb interaction especially at lower collision 
energy values. It means that, e.g., for pp collisions the established value of total hadronic 
elastic cross section may be lower than it corresponds to reality. The given inhuence may 
be rather diherent at divers collision energy values, the frequency of strong interaction 
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events corresponding to initial impact parameter being decreased or increased according 
to charges of colliding particles (differently in dependence on collision energy). 

However, until now the difference between the long-ranged Coulomb and short-ranged 
(contact) hadronic interaction (if they act simultaneously) has not been taken into ac¬ 
count. The analysis of (experimental) results published earlier should be, therefore, 
examined also under these new conditions; see the next section. 


6 New probabilistic model of collision processes 


The hitherto models of elastic nucleon collisions have been in principle phenomenological, 
looking mainly for a simple description of scattering characteristics. However, when one 
is to understand better corresponding physical mechanism the distribution of at least 
some other initial state characteristics must be taken into account (in addition to particle 
momenta). It is mainly the distribution of initial states distinguished also by different 
impact parameter values corresponding to experimental conditions which should be taken 


into account in any description of (elastic) collision processes (see Eq. (37)). 

Such a description trying to take more realistic behavior of particle collisions in the 
impact parameter space into account has been proposed by us in 1994 [39], see also 
[2H1 SQj. However, even if it has been possible to study some new characteristics of 
elastic collisions (e.g., mean values of impact parameter corresponding to total, elastic 
and inelastic collisions) the deformation caused by assuming the validity of commonly 
accepted optical theorem has remained until now. Systematic arguments against the 
validity of optical theorem in particle physics has been discovered fully only recently. 

If the limitation given by optical theorem is not applied to then a quite new approach 
may be used for description of elastic collision processes. The corresponding collision 
model of charged hadrons has been recently proposed by us in nsun]. Starting from 
the ontological interpretation of colliding objects and assuming that these objects are 
not fully spherical (differently oriented in space) one should expect that the probability 
of collision processes will depend mainly on the values of mutual impact parameter b 
(distributed according to experimental arrangement). It may be then written for the 
probability of elastic hadronic collisions at given impact parameter b 


pel(^) _ pt°t(5)pr^t(5) 


(39) 


where P*°*(6) is the probability of all possible hadronic (elastic or inelastic) collision pro¬ 
cesses and P’’^*(6) is the mutual ratio of elastic probability to total one at corresponding 
value of impact parameter b. 

In the case of short-ranged (contact) strong interactions one may expect further on 
the basis of ontological realistic approach that elastic collisions will be mainly peripheral. 
The functions P*°*(6) and P'‘®'*(6) may be then assumed to be monotonous functions of 
b\ the hrst one diminishing with rising b and the other increasing in the same interval of 
b. If one admits that a proton may exist in some internal states differing at least very 
slightly in their dimensions then both the monotonous functions (for individual proton 
collision channels) may be determined from corresponding measured elastic differential 
cross section. 

These probabilities as the functions of impact parameter provide much more infor¬ 
mation than probabilities Pi^f corresponding to just one average initial state which 
were discussed in Sec. This also means that the new approach may provide deeper 
understanding concerning the structure and interactions of colliding particles. 
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The new collision model has been applied (in its preliminary form) to experimental 
data represented by measured elastic proton-proton differential cross section at energy 
of 52.8 GeV. It has been possible to demonstrate explicitly that new possibilities of 
fundamental particle research have been opened on its basis; see [16] for more details. 

The influence of distant Coulomb interaction has not yet been taken into account in 
this preliminary analysis. The more detailed analysis of proton-proton collisions under 
all new conditions is being prepared. 

7 Conclusion 

All attempts of proving optical theorem in particle physics has started practically from 
S matrix approach based on the assumption that the corresponding Hilbert space {S 
operator acting in) has consisted of the superpositions of incoming and outgoing states as 
it was required by Bohr. To respect the realistic (ontological) characteristics of (elastic) 
collision processes the initial and hnal states are to be represented in two mutually 
orthogonal subspaces of the Hilbert space formed by the solutions of corresponding 
Schroedinger equation (in non-relativistic case) as it was discussed in Secs. an d|4| Only 
then the difference between initial and hnal states may be fully respected; the statistical 
distribution of impact parameter values in initial states and scattering angles of outgoing 
particles in hnal states being distinguished in corresponding diherent subspaces. 

All approaches trying to prove optical theorem in particle physics have corresponded, 
however, to the limited Bohr’s structure of Hilbert space. It has been shown in preceding 
that the derivation of optical theorem in the framework of unitary S matrix theory 
(which has been supposed to be the most general approach) has been based on several 
assumptions that do not correspond to collisions of two particles, see Sec. Enormous 
mistakes may exist in the description of collision processes when the optical theorem has 
been applied to in the case of (contact) strong interaction. 

Consequently, some new description of elastic collision processes of two hadrons with¬ 
out optical theorem constraint should be looked for. Such description should take into 
account the difference of electromagnetic and strong interaction mechanisms as it was 
discussed in Sec. The probabilistic character of collisions in dependence on impact 
parameter and the distribution of initial states corresponding to experimental conditions 
should be respected, too. New elastic collision model [IB] based on these requirements 
has been shortly characterized in Sec. [^ It might open a deeper insight concerning the 
characteristics of hadronic collision processes and proper hadronic structure. 
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